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I. INTRODUCTION

:- The optical extinction coefficients of phosphorus smokes in
various regions of the spectrum are expected to depend on relative
humidity due to the hygroscopic nature of the aerosol. They also
depend on the amount of smoke (C-t product) present. These are impor-
tant problems for systems analysts who model the effectiveness of smoke
munitions, and for scientists conducting field tests on smokes who
measure the transmission through smoke clouds and use assumed extinc-
tion coefficients to calculate the amount of smoke present from Beer's
law., he growth of smoke particles with increasing relative humidity
changes their size distribution and their refractive indices, both of
which alter the extinction cross sections (m2/particle). In addition,
the density of droplet material changes which causes further variation

." in the aerosol extinction coefficient (m2/gram). This paper presents
the results of a study of the dependence of visible, mid-IR, and far-
IR extinction coefficients on relative humidity and includes considera-

j tion of non-Beer's law behavior of these extinction coefficients with
(concentration) x (pathlength) product. The model used for relative
humidity dependence assumes that the aerosol is composed of phosphoric

r acid for optical (refractive index) properties. The adequacy of this
assumption is examined by comparison with experimental data on. 1 8 phosphorus smokes. The examination of deviations from Beer's law
is based on actual phosphorus smoke extinction data and results in

.LJ extinction coefficients for use in mid and far IR regions which should
be satisfactory at relative humidities below 70%.

II. RELATIVE HUMIDITY CONTROLLED GROWTH OF PHOSPHORUS SMOKE
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*STUEBING, FRICKEL, & RUBEL

A model for the growth of phosphoric acid droplets due to dilution
by condensation of water vapor as relative hujidity increases has been
developed by Rubel (1 ), and its implications for relative humidity de-
pendence of the optical propertie of phosphoric acid aerosols have
been examined by Frickel, et. al.(2) The application of the results
to phosphorus smoke is questionable because there exists conclusive
evidene that phosphorus smoke particles are not composed of pure
phosphoric acid, and because the description used for the water vapor
pressure over phosphoric acid solution was accurate for the relative
humidity range 0.10-0.90, whereas the principle growth effects occurred
at relative humidities above 0.90. Rubel has recently completed a new
droplet growth model )which incorporates a modified description of
droplet water vapor pressure (water activity) accurate to relative
humidities of 0.99, and has treated the acid concentration as an un-
specified mixture of acids (e.g. pyrophosphoric, metaphosphoric, and
orthophosphoric acids) characterized by an association parameter, a,

which reduces the concentration of solute ions available compared to
a solution of orthophosphoric acid having the same acid weight fraction.
By comparison to various experimental data Rubel(4 ) has found that
values of a between 1.3 and 1.5 seem appropriate to phosphorus smoke
particles. The value a=l.5 is used here because it represents the
greatest variation from the previous(2 ) pure orthophosphoric acid
(a = 1.0) model and therefore provides a "worst case" test of the
errors in the simpler model of reference( 2 ).

An analysis of the kinetics of the particle growth process(
4 )

shows that for relative humidities below 95% the particles very rapid-
ly reach equilibrium with their environment so that these results
would be expected to apply to a real smoke in the open atmosphere.
This model predicts that all particles in a polydispersion change
size by a common factor when relative humidity changes. Consequently,
if a log-normal aerosol size distribution characterized by a mass

median diameter (MMD) and geometric standard deviation (og) is sub-
jected to a change in relative humidity, the new size distribution will
remain log-normal and will have the same og; however, the MMD will be

* shifted according to the common size change factor. In particular,
the radius (r) of a particle at any relative humidity (T) can be

."'!predicted from its size at T = 0 (denoted ro). This size shift is

.11 given by

r = fl/() r0  (1)

where aplM 2 + x(M1P2-aPlM 2 ) (2)

a PlM 2 (l-x)
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with

2.152 - (0.655 - 0.632T) 0.75&4'<0.995
2

9.632'* COS [ -c 1 (1.175 - 1.928T)+
3 - 24 + 0.803

(degrees) 0.10s'-0.75

where p is density, M is molecular weight, and the subscripts are 1
for water and 2 for H3P04: M1 =18; M2=98, Pl=l.0, P2=1.8

7 . The
parameter a describes the average degree of combination of the phos-
phate moiety in the acid mixture: a=l corresponds to pure orthophos-
phoric acid, a=4 would apply to pure tetrametaphosphoric acid( 45.
For this study the value a=l.5 was used as discussed above. The
dilution of the drop with increasing relative humidity is given by

plP2 [MIx + aM2 (l-x)] (4)
F= ap1M 2 + x (M1p2-aM2P 1)

where F is the weight fraction of acid in the drop. For vq culations
involving density of the smoke droplets, tabulated values 5 of the
specific gravity of aqeous phosphoric acid solutions corresponding to
acid weight fraction given by equation (4) were used, see Table I.

TAT.! 1. ACMD Cm"C "%! \TS "T" E! - - --

1W*ithe traction Velative
Acid -mnidLtv nensitV (f/CC)

" ( a-1.5N

n n5 1.00 1.025
." 1.053

n.1O 1.254

.5n .2 1.315

O0. ;*A 1.475

n.75 0.4. 1.570

Experiments have shown that log-normal distributions provide reason-
able descriptions for phosphorus smokes. Therefore, once a size
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distribution is established for pure acid drops* produced by the smoke
munition, called hereafter the "primitive acid nucleus" distribution,
then the actual aerosol size distribution achieved at relative humidi-
ity T will be given by

M (2irln(g))-  exp{-(in(d)) - in(fl/3()do )] 2 /21n 2og (5)
,Mdin (d)

where M is the mass distribution function, d is the mass median dia-
meter of the distribution of primitive acid nuclei and Og is the geo-
metric standard deviation of the distribution of primitive acid nuclei
(and also of all distributions derived from it by hydration). The
size distribution of smokes at various relative humidities then can be
predicted provided d and og are determined from data taken at a time
when significant dis~ribution disturbing processes (e.g. coagulation,
sedimentation) are absent.

III. SIZE DISTRIBUTION OF PRIMITIVE ACID NUCLEI PRODUCED BY PHORPHORUS
MUNITIONS

Given size distribution data (d, og) on any phosphorus smoke cloud
and the relative humidity at which it was determined, equations (M)-
(5) can be used to extrapolate back to the primitive acid nucleus
distirbution for that cloud. If all phosphorus-based munitions pro-
duced identical smokes, then all such extrapolations would produce the
same parameters d and og. A number of experimental measurem 9nts made
on a variety of waite phosphorus and red phosphorus munitions' " are
shown in Table II along with the extrapolated primitive acid nucleus
distribution from each for a = 1.5.

The particle size measurements were made using an Anderson Impac-
4 tor, and relative humidity was determined either by dew p6int hygro-

meter or gravimetric determination of water vapor collected on magnes-
ium perchlorate. The data was selected from chamber experiments which
met the following three conditions:

* S (1) Smoke concentrations were relatively low (<i.0 gm/m3 ) to
help insure that size distributions would not be ptushed toward larger

A sizes by coagulation effects in smokes denser than expected in the field.

*These are conceptually the drops that would be formed if there was

*just enough water in the atmosphere to react chemically with the P20 5

to produce H3PO4 but no additional water for hydration or dilution.
These drops probably do not exist physically; they merely provide a
mathematical basis for calculating the size changes of true size dis-
tributions at relative humidities in the range of 10-99.5%.
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TABT.E I. EPER TMMNALLY MFASMEnE PARTTCLE SIZE

DISTRIBTTIONS rOO P1!OPPn0Rt SV.OKES A'!D
_ _ _ iNl? P'1"ITIV7 ACIT "rMMUS T)S..TBU..O,

FKPF1t! NTq4AL DATA f
Case IMPfl(UM) Relative Acid :ucleus

r umiditv ____ (___ a-I._

1 0.72 1.44 0.37 0.62

2 0.69 1.48 0.23 0.62

3 0.6 1.40 0.16 0.63

4 0.75 1.44 0.34 0.65

5 n.77 1.47 (.12 M.71

6 0.86 1.51 0.51 0.71

7 0.87 1.43 0.22 0.73

8 0.91 1.46 .20 0.32

9 0.03 1.44 0.17 0.35

i0 1.n2 1.45 0.10 0.92

*Sea text. The acid nucleus distribution has the sam a

as the exeerirantal data.

The og was in the vicinity of 1.4, a value known theoreti-
cally 7 to typify a "mature" log-normal distribution (in the sense
that coagulation processes carry any log-normal distribution of og1.4 toward a distribution with ag - 1.4).

(3) The relative humidity was not established artificially
in the chamber by introducing water vapor. Therefore, the humidity
in the laboratory matched closely that within the chamber for the
selected experiments so there is no problem with size distribution
data being distorted due to ay sample changes on being removed for
gravimetric analysis from a cloud of one humidity into a laboratory
at a different humidity.

4 The results tabulated in Table II suggest that a og slightly
higher than 1.4 typifies phosphorus smokes; therefore, the value og1.45 was selected for this study. Because the mass median diameters
for the primitive acid nucleus distributions appear to vary too widely to
accept a single number as typical of phosphorus smoke, calculations

were performed for three values: do = 0.60, 0.75, 0.90.!0
IV. REFRACTIVE INDICES FOR PHOSPHORIC ACID

Refractive indices for phosphoric acid in the 3-5.5 Um and 7-12
uim regions of the infrared have been measured for anumber of acid con-
centrations(8 ). These were used for Mie calculations in which at each
relative humidity the acid concentration of the drop is given by
equation (4) and the size distribution by equation (9). The refractive
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index in the visible was taken to be constant with respect to wave-
length, and its variation with acid concentration was estimated from 9g).

n = 1.333977 + 0.001999 w + 0.07155w+ 0.0868841 w
3/ 2

3 (6)

- 0.2375104 w
2 + 0.3625678 w5/2 - 0.1669960 w

3

where w is the weight fraction concentration of H PO over the range
O<w<0.90.

V. LIMITATIONS OF THE PHOSPHORUS SMOKE MODEL

Inaccuracies due to errors in the size distribution derived from
Table II and in the visible refractive index from equation (6) have
been examined by parametric calculations. The size distribution was
varied over the full range of MMD's observed in Table II in the
course of our calculations. It has a significant effect on the
extinction coefficient and is therefore shown explicitly in the results
section as an inherent range of variation in the extinction by phos-
phorus smoke. Exploratory calculations on the effects of varying og
were performed. The resulting variation in extinction is somewhat
less significant than the MMD variation; hence the variation plotted
in our results is a reasonable estimate of optical variation due to
MMD and og variation. The real part of the visible refractive index
was varied about the value given in equation (6), which applies at the

wavelength 0.546 um, by a proportion similar to the variation with
respect to wavelength in the visible of the refractive index of water.
In addition, the effects of adding a complex component up to 104 times
that of water was examined. The range of resulting uncertainty in the
properties of phosphorus smoke was less than *1.0%. However, there
remains a more fundamental limitation on the application of the model

used here to phosphorus smokes. It is known (3) that during the period
of tactical significance (say, 20 minutes after generation) that
phosphorus smoke is not composed of phosphoric acid. The model used
here relies on phosphoric acid data (e.g., H20 vapor pressure vs

solution concentration adjusted for combination of phosphates in the
pyro and meta components of the mixture) for the growth properties of
droplets and for the optical properties (refractive indices). The
growth model has not yet been tested against phosphorus smoke, although
such studies are presently underway(4 ), For this study, sensitivity to

errors in the growth model is reduced by using the same equations to
extrapolate back to the primitive acid nucleus distribution from actual

phesphorus smoke size distribution data as are used in running the
distribution forward with increasing humidity, and by considering a

* fairly wide range of primitive size distributions. The optical model
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has been examined in the infrared (3); it gives a reasonably accurate
spectral curve in the 3-5.5 um region, but is quite inadequate in the
7-12 pm region. Therefore, predicting the relative-humidity dependent
phosphorus smoke extinction at individual wavelengths from this study
would be perilous, particularly in the 7-12 jim region. Integrating
over wavelength to produce an overall extinction coefficient for the
region may produce a somewhat closer representation of the behavior of
phsophorus smoke; however, it is probably better to pay more attention
to the predicted trend in 7-12 jim extinction with relative humidity
than to its absolute value. As an aid to making an empirical ad-
justment by scaling the phosphoric acid extinction to the level of
phosphorus smoke extinction, the results of this model have been
compared with measurements made on phosphorus smoke at low relative
humidities. This comparison is discussed in Section 8.

VI. DEFINITION OF OVERALL EXTINCTION COEFFICIENTS FOR THE VISIBLE,
MTD-IR, AND FAR-IR

The problem of defining an overall extinction coefficient for
a smoke in each spectral region has been previously discussed with
respect to deviations from Beer's law (Io) . The results showed thatIeffective extinction coefficients in a wavelength region Al, aef (AX) ,
were often dependent on the (concentration) x (pathlength) product.
This is especially true for phosphorus smokes in the 7-12Am region.

The calculations used here follow those of reference (1); they
have been extended to include the visible region. The measurement of
light transmission (T) through a smoke cloud is often used in field
experiments to infer the amount (C'£ Product) of the smoke in the
optical path. This inference is made using Beer's law:

T(X) =(X) e 1()Ci (7)

1 M0

* where I ( ) - the light intensity at wavelength X measured by the
C o detector with no smoke in the path.

I() = the light intensity at wavelength A measured by the
detector with smoke In the path.

, c(X) the e7:tinction coefficient (commonly m /gm) at
wavel~ngth A.

3
C = concentration (commonly gm/m).

Z = path length (commonly m).
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The inference is generally valid provided the measurement is made at a
single wavelength (e.g. a laser transmissometer) and the value of a is
known for that wavelength, or if the transmission mwasurement is made
over a wavelength band (AX) provided that a(X) is constant over the
region Al. These conditions are usually well satisfied in the narrow
band pass of a spectrophotometer. However, in some field measurements,
broadband radiometers (e.g. 3-5.5 pm or 7-12 Vm) are used for the trans-
mission measurement. Beer's law does not generally apply in these

cases with a single effective c(e.g. aeff (7-12 pm)). Should one
attempt to define such an effective a from the equation

T(AX) = elff(AX) CZ (8)

by measuring T under conditions of known Ck and solving for aeff(AX),
different values of aeff(AX) would be found for different values of Ci.
This effect is most prominent in cases where c(X) varies strongly over
the region AX, and disappears as a(X) becomes constant over the region
AX

The treatment of broadband transmission behavior in the .infrared
may be made analagously to the photometric treatment of broadband
transmission in the visible with the following definitions: luminance,
L(AX), is the apparent brightness of the target; transmittance, Tr (AX),
is the ratio of luminance with smoke in the path to luminance without
smoke and corresponds to the transmission in Beer's law. The governing
equation is then:

X2

L (AX) - fS(X) e-(X)CD(X) dXTr(AX) -L(AX) ________2______ (9)

S' f S(X) D(X) dX

where S(X) = source signature as a function of wavelength.
D() = the detector response curve as function of wavelength.

The denominator of equation (9), L (AX), gives the original apparent
brightness of the source as seen b0 the detector; the numerator, L(AX),

At! gives the reduced apparent brightness when a smoke characterized by

a(X), C, and kintervenes. For the purpose of calculating Tr(AX), it
* .is only necessary to have relative curves for the source and detector.

The source functions, S(X). n the 3-5.5 and 7-12 Pm regions are
taken to be 300 0K blackbodies (1); the visible source is the standard
CIE-C (artificial daylight) function(ll). The detector response
functions, D(X), in the 3-5.5 and 7-12 vm regions are those of typical
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(10)
InSb and HgCdTe detectorsO; the visible detector is the standard
photopic observer (I" ) .

VII. RESULTS

The particle growth model is shown in Figure 1 where the growth
curves of the mass median diameters of each of the three primitive
nuclei distributions is given. The acid concentrations for which
refractive index data were available; and their corresponding relative
humidities are shown in Table I. The computtfiextinction coefficients
are unchanged from those previously reported ; however they are
associated with changed values of relative humidity because the mixed-
acids model requires somewhat higher relative humidities than does
pure phosphoric acid in order to produce the same degree of droplet
dilution, c.f. Table I.

Integrated extinction coefficients will depend on C'£ product as
well as relative humidity. For the visible and mid-IR, the C'£
dependence is weak. In only a very few of the cases examined did the
reduction in aeff exceed 2% over the range O.i<C-Z<20. In thevisible
and mid-IR, the variation in aeff due to uncertainty in the primitive
acid nucleus size distribution far outweighs effects due to C,£.
However, in the far-IR there is a significant decrease in aeff (7-12)
with increasing C-1 product at low and moderate relative humidities,
which is significant in comparison with the effect of the uncertain
size distributions. This is shown for three relative humidities in
Figure 2.

Because of the Beer's law deviation problem with integrated ex-
tinction coefficients, in order to examine the effect of relative
humidity on integrated extinction coefficients it is necessary to

• choose a value of C'£ product. From the above discussion, it makes
little difference in the visible and mid-IR which C.i is used. There-

measurements in the far-IR. From Figure 2, the values of the C'£

dependent aeff's are in the range 0.25-0.30; therefore a C "£ =5.0 was
chosen as this provides sufficient smoke to reduce transmission in

."t the far-IR to 20-30%. The results for each spectral region are

shown in Figures 3-5. The extinct ion coefficients in these figures
are in the conventional units of m per gram of aerosol material sus-
pended. It is also of interest to examine the extinction coefficient
in terms of mass of elemental phosphorus delivered by the munition and
its dependence on relative humidity, Figures 6-8. These data are of
value to systems analysts modeling smoke effects as they include the
humidity dependence of the "yield factor". It can be seen from Figures
3-8 that although the extinction coefficient pei unit mass of smoke
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decreases with dilution (at about 80% relative humidity) the increase
of mass due to extraction of water from the atmosphere tends to
compensate for this, so that extinction per unit mass of airborne
phosphorus is relatively constant over most of the relative humidity
range, and increases dramatically for relative humidity greater than

0.9.

VIII. COMPARISON WITH PHOSPHORUS SMOKE DATA

Integrated extinction coefficients in the mid-IR and far-IR have
been computed from actual phosphorus smoke spectra(lO). The spectral
data used was averaged over several experiments conducted at different
relative humidities, all of which were below 70%. The present model
predicts little change in extinction coefficient for relative humidi-
ties between 10 and 70%; therefore, it is reasonable to use an aeff
computed from spectra averaged over several relative humidities in
this range for comparison purposes. In the mid-IR the phosphorus
smoke data(IO) give fteff=0. 25 , which is at the very top of the range
predicted by the present model in Figure 4. In the far-IR the phos-
phorus smoke data(1 0 ) gives aeff=0 .32 for the CZ product value 5.0
used in Figure 5, which is approximately 20% higher than the value
given by the phosphoric acid optical model.

Systems analysts modeling smoke effects and scientists conducting
smoke field tests need working values for integrated extinction co-
efficients for phosphorus smoke. The results so far suggest that
Beer's law deviations are relatively important only in the far IR (7-
12 Im) region, and then only at low and moderate relative humidities,
c.f. Figure 2; over most of this range , relative humidity has
little effect, c.f. Figure 5. The experimental spectra of phosphorus

smokes for relative humidities below 70% have been used to examine
the C'Q dependence of the far infrared extinction coefficient( I0)
Data on smokes produced by both white phosphorus and red phosphorus I
have been examined and are very nearly identical. Both may be treated
by the results given here, which are shown in Figure 9. If this change
in broadband extinction coefficient with C'£ product is ignored for
phosphorus smokes in the 7-12pm window, quite serious errors could
occur. For example, with measured transiittance of 5% and the low Ct
limit of a(X)=0.37 chosen as aeff(AX), the C'£ calculated in a field

, experiment is in error by 30%.

In order to provide a means for correcting for these errors, equa-
tion (9) has been used to calculate the transmittance expected from
various C .1 values and the results tabula ted in Table III. The tables
cover transmittance down to 0.1% as the lower limit likely to be

achieved by a broadband transmissometer. The table can be entered
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ith Cc2 Product in the Fr-IR for Phosphorus Smoke.

with the observed transmittance and the corresponding C* product read
out. The numerical values of the "effective % s" are also tabulated.
Although the detector response curves are quite generally typical, as
are the smoke extinction curves, the source curves used in generating
these tables are for a 300°K blackbody. In some experiments sources
of quite different spectral characteristics are employed, in which
cases these calculations should be repeated.

IX. CONCLUSIONS

1. A model for the expected range of particle size distribution
expected in phosphorus smokes and their variation with relative humid-ity has been proposed: Figure 1.

2. Using these size distributions and optical constants for appro-
priate dilutions of phosphoric acid, estimates of the integrated
extinction coefficients in the visible, mid-IR, and far-IR were
computed as functions of relative humidity: Figures 3-5.

3. These estimates were tested against a small amount of phosphorus
smoke data in the mid- and far-IR. They appear reasonably close in the
mid-IR and low by 20-25% in the far-IR where phosphoric gSd optical
constants are known to poorly represent phosphorus smoke '£ . The
smoke data used for comparison did not address variation with relative
humidity.

4. The model predicts trends in aeff with relative humidity in each
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spectral region. The extinction coefficients remain relatively con-
stant in each region for relative humidities below 70%. The trends
above 70% in each region could serve in the design of experiments on
phosphorus smokes. The trends in extinction coefficients shown in
Figures 3-5 all indicate a decrease above 80% relative humidity; it
should be kept in mind that the suspended mass of the particles in-
creases due to extraction of additional water from the atmosphere so
that any given cloud does not become significantly less opaque with
increasing relative humidity and increases greatly in opaqueness at
humidities above 90%, as shown in Figures 6-8.

5. Although Beer's law does not apply generally for broadband
extinction effects, it is often a reasonably good approximation. In
such cases an effective extinction coefficient, aeff(AX), can be
defined for a given window region. For phosphorus smoke these values
and the C.£ range over which they can be reasonably used are shown
in Table IV.
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